GLOBAL WELL-POSEDNESS OF THE ID 
DIRAC-KLEIN-GORDON SYSTEM IN SOBOLEV SPACES OF 

NEGATIVE INDEX 



ACHENEF TESFAHUN 



Abstract. We prove that the Cauchy problem for the Dirac-Klcin-Gordon 
system of equations in ID is globally well-posed in a range of Sobolev spaces 
of negative index for the Dirac spinor and positive index for the scalar field. 
The main ingredient in the proof is the theory of "almost conservation law" 
and "/-method" introduced by Colliander, Keel, Staffilani, Takaoka and Tao. 
Our proof also relies on the null structure in the system, and bilinear spacctimc 
estimates of Klainerman-Machedon type. 

1. Introduction 

We consider the Dirac-Klein-Gordon system (DKG) in one space dimension, 

r {-i{ 1 Q d t + 1 i d x )+M)i> = w, 

\ (-□ + m 2 )0 = ( 7 >, ^ > c2 , (□ = -d 2 t + dl) 
with initial data 

V>|t=o = V>o e H s , <f>\ t =o = 0oeH r , d t cj>\ t=0 = cj> 1 €H r - 1 . (2) 

Here (t,x) £ ip = %p(t,x) £ C 2 is the Dirac spinor and <fi = <fi(t,x) is the 

scalar field which is real-valued; M,m > are constants. Further, (w,z) C2 = z*w 
for column vectors w,z € C 2 , where z* is the complex conjugate transpose of z; 
H s = (1 — 9 2 )~ S / 2 L 2 (K) is the standard Sobolev space of order s, and 7 and 7 1 
are the Dirac matrices given by 



We remark that with this choice the general requirements for Dirac matrices are 
verified: 

rfrf + = 2g^I, (7 )* = 7°, (7 1 )* = -I 1 
for n,v = Q, 1, where (g» v ) = (J \ ). 

We are interested in studying low regularity global solutions of the DKG system 
(1) given the initial data (2). Global wcll-poscdness (GWP) of DKG in Id was first 
proved by Chadam [4] for data 

(ip ,<t>o,<f>i) G H 1 x H 1 x L 2 . 
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Table 1. GWP for DKG in Id for data (V> , <j>o, 4>\) e H" x iF x iP" 1 . 





s 


r 


Chadam [4], 1973 


1 


1 


Bournaveas [2], 2000 





1 


Fang [9], 2001 





(1/2,1] 


Bournaveas and Gibbeson [3], 2006 





(1/4,1] 


Machihara [11], Pecher [13], 2006 





(0,1] 


Sclbcrg [15], 2007 


(-1/8,0) 


(— s + v s 2 — s, 1 + s] 



This result has been improved over the years in the sense that the regularity re- 
quirements on the initial data which ensure global-in-time solutions can be lowered. 
The earlier known GWP results for DKG in Id are summarized in Table 1. 

It is well known that when s > 0, the question of GWP of (1), (2) reduces to 
the corresponding local question essentially due to the conservation of charge: 

H(t,-)\\ L 2 = \H'0\\ L 2. 

However, when s < there is no applicable conservation law. So even if we have a 
local well-posedness (LWP) result for sq < s < for some sq, it seems that we are 
stuck when trying to extend this to a global-in-time solution. 

The first breakthrough for resolving such problems came from Bourgain [1] who 
considered the cubic, defocusing nonlinear Schrodinger (NLS) equation in 2d, and 
proved GWP of NLS below the (conserved) energy norm, i.e., below H 1 . The 
idea behind this method for a PDE is to split the rough initial data (data whose 
regularity is below the conserved norm; say the L 2 norm from now on) into low and 
high frequency parts, using a Fourier truncation operator. Consequently, one splits 
the PDE into two, corresponding to the initial data with low and high frequencies. 
The data with low frequency becomes smoother, in fact it is in L 2 , so by global 
well-posedness its evolution remains in L 2 for all time. 

On the other hand, the difference between the original solution and the evolu- 
tion of the low frequency data satisfies a modified nonlinear equation evolving the 
high-frequency part of the initial data. The homogeneous part of this evolution is 
of course no smoother than the initial data (so it may not be in L 2 ), but the inho- 
mogeneous part may be better due to nonlinear smoothing effects. If the nonlinear 
smoothing brings the inhomogeneous part into L 2 , then at the end of the time 
interval of existence this part can be added to the evolution of the low-frequency 
data, and the whole process can be iterated. Assuming that sufficiently good a 
priori estimates are available, this iteration allows one to reach an arbitrarily large 
existence time, by adjusting the frequency cut-off point of the original initial data. 
Several authors used Bourgain's method to prove GWP of dispersive and wave 
equations with rough data. 

Recently, Selberg [15] used Bourgain's method to prove GWP of ld-DKG be- 
low the charge norm, obtaining the following result (for a comparison with earlier 
results, see Table 1): 
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Theorem 1. The DKG system (1) is GWP for data (2) provided 

— - < s < 0, -s + Vs 2 - s < r < 1 + s, 
8 

Concerning LWP of ld-DKG the best result so far, which we state in the next 
theorem, is due to S. Selbcrg and the present author [16], building on earlier results 
by several authors; sec [4], [2], [9], [3], [11] and [13]. 

Theorem 2. The DKG system (1) is LWP for data (2) if 

s > --, r > 0, |s| < r < 1 + s. 

As mentioned earlier, when s > this LWP result can be extended to GWP 
result essentially due to the presence of conservation of charge. So in view of 
Theorem 2, we have the following (see also Table 1): 

Theorem 3. The DKG system (1) is GWP for data (2) provided 

s > 0, r > 0, |s| < r < 1 + s. 

However, in view of Theorems 2, 3 and 1, there is still a gap left between the 
local and global results known so far. In the present paper, we shall relax the lower 
bound of r in Theorem 1. In particular, we fill the following gap left by Theorem 1 
(see Figure 1): 

< s < 0, s + \/s 2 — s < r < — s + \J s 2 — s 

8 

We now state our Main theorem. 
Theorem 4. The DKG system (1) is GWP for data (2) if (see Figure 1) 

— - < s < 0, s + \/s 2 -s<r<l + s. 
8 

The technique used here is the theory of "almost conservation law" and U I- 
method" which was developed by Colliander, Keel, Staffilani, Takaoka and Tao in a 
series of papers; See for instance [5] , [6] , [7] . The idea here is to apply a smoothing 
operator / to the solution of the PDE. The operator / is chosen so that it is the 
identity for low frequencies and an integration operator for high frequencies. The 
next step is to prove an "almost conservation law" for the smoothed out solution 
as time passes. Then one hopes that a modified version of LWP Theorem (after / 
is introduced) together with the "almost conservation law" will give a GWP result 
of the PDE for rough data. 

In the DKG system, however, there is no conservation law for the field <j>, only 
for the spinor ip. Hence, we will not have "almost conservation law" for the 4> field, 
which makes the problem harder. To fix this problem we use a product estimate for 
the Sobolev spaces for the inhomogeneous part of cf>, the "almost conservation law" 
for the spinor tp, together with an additional idea used by Selberg [15] of making 
use of induction argument involving a cascade of free waves. 

This paper is organized as follows. In the next section we fix some notation, state 
definitions, and recall the derivation of the conservation of charge. In Section 3 we 
shall state some basic linear and bilinear estimates, and prove some null form esti- 
mates. In Section 4 we discuss the /-method, state a modified LWP theorem when 
we introduce the / operator, state a key Lemma concerning smoothing estimate, 
and show that a combination of these imply an "almost conservation law" for the 
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Figure 1 . Global well-posedness of DKG holds in the interior of 
the shaded region. Moreover, we can allow the line r = 1 + s for 

— 1/8 < s < 0. The larger region which is contained in the strip 

— l/4<s<0is where Local well-posedness of DKG holds. 

charge. Here, we also state another key Lemma which is used to control the growth 
of solution of the Klein-Gordon part of DKG, 4>. In Section 5 we put everything 
from section 4 together and prove our main theorem. In Sections 6 and 7 we prove 
the two key lemmas stated in section 4. In section 8 we prove the modified LWP 
theorem. 



2.1. Notation and Definitions. In estimates, C denotes a positive constant 
which can vary from line to line and may depend on the Sobolev exponents s 
and r in (2). We use the shorthand X < Y for X < CY, and if C <C 1 we use the 
symbol <C instead of <. We use the shorthand X^iYiorY<X<Y. Throughout 
the paper e is considered to be a sufficiently small positive number in the sense that 
< e <§; 1. We also use the notation 



We denote D = —id x , so Du(£) = £u(£). We also write D + := dt + d x and 
L>_ := d t - d x , hence □ = -D + D_. 



2. Preliminaries 




The Fourier transforms in space and space-time are defined by 
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We use the following spaces of Bourgain-Klainerman-Machedon type: For a, b G 
R, define X% b , iJ a ' fc and W' 1 ''' to be the completions of with respect to the 

norms 

\\u\\ xab = \\(0 a (T±0 b u(T,0\\ L2 , 

IHI^ = ||(0°(|T|-|C|} 6 S(r,0L 2 , 

||w|| W a,i. = |M|ffa,b + HdfWH^a-l.i, ■ 

We also need the restrictions to a time slab St = (0, T) x R. The restriction 
X^'^St) is a Banach space with norm 

v.,1,, v = inf llull Y a,b . 
" " x ± fi|S T =«" x ± 

The restrictions H a ' b (ST) and H a,b (ST) are defined in the same way. See [8] for 
more details about these spaces. 

2.2. Rewriting DKG and Conservation of charge. To see the symmetry in 
the DKG system, we shall rewrite (1) as follows: Let 



for u, v G C. Then we calculate 



and 

( 7°V , 7 "0 ) C 2 —uv + uv = 2 Re(ut;). 
Using this information, we rewrite (1) as 

i(u t + u x ) = Mv — 4>v, 

i(Vt - v x ) = Mu - </w, (3) 
□0 = m 2 0-2Rc(uTJ), 
with the initial data (2) transformed to 

f u(0) = w e i/ s , «(0) = vo e F s 

j 0(0) = 0o G H r , dt<t>(0) = (pi £ H 

We shall then work with the Cauchy problem (3), (4) in the rest of the paper. 

To motivate the derivation of the "almost conservation law" , we first recall the 
proof of the conservation of L 2 -norm of the solution to the Dirac part of the equation 
(3), using integration by parts. To do this we first assume u,v to be smooth 
functions that decay at spatial infinity. For general well posed solutions of (3) 
where s > 0, the conservation of charge will follow by a density argument. 

Multiplying the first and second equations in (3) by — iu and —iv, respectively, 
we get 

uut + uu x = —iMuv + icjmv, 
vvt — vv x = —iMuv + i(fmv. 
Adding these two we obtain 

uut + vvt + uu x — vv x = 2i(— M + 4>) Re(utJ). 
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We now take the real part of this equation to get 

Re(uu t ) + Re(vv t ) + Re(uu x ) — Re(vv x ) = 0. 

Using the identity (uu) t = uu t + u t u = 2Re(uut) (and the same identity if we take 
partial derivative in x), we have 

(\u\ 2 ) t + (\v\ 2 ) t + (\u\ 2 ) x -(\v\ 2 ) x = 0. 
We get after integrating in x 

d 
dt 

which implies the conservation charge: 



(\\u(t)f L2 + \\v(t)\\l 2 )=0, 



\Hm^ + Ht)\\l^\\u \\ 2 L2 + \\v \\ 2 L2 . (5) 
3. Linear and bilinear estimates 

The representation formula in Fourier space for the inhomogeneous Dirac Cauchy 
problem 

(iD ± w± = Mw± + F±(t,x), 

y w±(o,x) = f±(x), 

is given by 

i£(t)(fl = e-( M± « t /±(0 + f e^ M± V^F ± (t>,0dt'. (7) 

Jo 

Similarly, the representation formula in Fourier space for the inhomogeneous Klein- 
Gordon Cauchy problem 

( Oz = m 2 z + F(t,x), 

y z(0,x) = f(x), d t z(0, x) = g (x), 

is given by 

m(0 = cos(t(0m)T(0 + sil tf )m) ?(0 + f sin{{t 7'' mm) F{F)(0dt', (9) 

\S/m JO \S/m 

where (£} m = \j m 2 + |^| 2 . 

3.1. Linear estimates. Throughout the paper, we use the notation 

\\z[t]\\ Ha = \\z(t)\\ Ha +\\d t z(t)\\ Ha ^. 

From the solution formulas (7) and (9) we deduce the following energy estimates 
for the solution of Cauchy problems (6) and (8), respectively: 

\\w ± (t)\\ Ha < \\f ± \\ Ha + f \\F±{t')\\ Ha dt', (10) 
Jo 

\\z[t]\\ Ha < C [\\f\\ Ha + + j \\F{t')\\ Ha ^ dt'^J , (11) 

1 for some C > and for all t > 0. 

The estimates we present in the following two lemmas are a priori estimates for 
the solutions of the massive Dirac and Klein-Gordon Cauchy problems, and they 



4f we set m = in (8), then the constant C in the energy estimate (11) will depend on t. 
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are crucial for the reduction of the local existence problem to bilinear estimates. 
These estimates are variants of the estimates in [8, Lemma 5, Lemma 6], i.e., when 

M = 771 = 0. 



Lemma 1. Let 1/2 < b < 1, a g R, < T < 1 and < 6 < 1 - b. Then for 
all data F± g X^ b ~ 1+S (S T ) and f ± g H a , we have the following estimate for the 
solution (7) of the Dirac Cauchy problem (6): 

lk ± || x - (ST) <c(||/ ± || Htl +T 5 ||f ± || x ^- 1+ , (Sr) ), (12) 

where C depends only on b. 

Proof. Define the space X^f± with a norm 

\\u\\ x *e =\\{0 s (t±Z m ) 6 u(t,0\\ l2 , 

M,± t.£ 

where £m = £ + M. In view of [8, Lemma 5] the estimate (12) holds if we replace 
the space X± by X^- ± . So, to complete the proof it suffices to show 

v s,B v s.9 

This reduces to proving 

(t±0»(t±W (13) 

But this follows from 

(r±0 «l + |r±£| <1 + \t±£m\ + M<(t±£m}, 
and conversely, 

(t±£ m ) wl + |r±6/| < l + |r±e|+A/< (t±0- 

□ 

Lemma 2. Let 1/2 < b < 1, a € R, < T < 1 and < S < 1 - b. Then for all 
data F g H a ~ l b ~ 1+S (ST), f E H a and g g if a_1 , we /icwe i/ie following estimate 
for the solution (9) of the Klein-Gordon Cauchy problem (8): 

W Z \\w^ b (S T ) - C (\\f\\H° + llffllfl-"- 1 + T&12 \\ F \\h«- 1 -'>- 1 + s (St) 

(14) 

where C depends only on b. 

Proof. Define the space H^f with a norm 

h\\ H s,e = \\(0 S (\T\-(0m) e u(T,0\\ L2 , 

and the space Ttfjf with a norm 

\\u\\ n s.e = \\u\\ Hk o + \\d t u\\ H s-i,e . 

So, in view of [14, Theorem 12] the estimate (14) holds if we replace the spaces H s,e 
and H s ' by H^f and Tii^f , respectively. Hence, to complete the proof it suffices to 
show 

TTS.9 TJS.8 

ti - H m . 

This reduces to proving 

(M-|£|>«<M-<0m>. (15) 
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Assume r > 0. Then 

(-T + 1^1) « 1 + |-T + < 1 + |-T + (Oml + (Om ~ |£| 

< l+m+|-T+(Om| 
<<-T+<Om). 

Conversely, 

<-r+(0m)~l + |-T+(0 m | 

<i + i-r+ien + (Om-iei 

= l + m+\-T + \t\\<(-T + \t\). 

Similarly, it can be shown that the estimate (15) holds true for r < 0. This 
completes the proof of the Theorem. □ 

We shall need the fact that if b > 1/2, then 

\\u(t)\\ Ha <C\\u\\ Ha , b{ST) <C\\u\\ xib{ST) forO<t<T, (16) 

where C depends only on b. The following estimate will also be needed in the last 
section (see [12] for the proof): 

IML Yr ( s T ) < CT 1 ' 2 ^ ||u|| Jt . lI/a _. (ST) , (17) 

for all e > sufficiently small, and < T < 1. 

Lemma 3. Let 2 < q < oo and e > be sufficiently small. Then 

\\u\\ H o,-l/2+l/ q -e < IMI L? ' L 2 

where - + X = 1 . 

q q' 

Remark 1. This Lemma also holds if we replace H°'~ 1 / 2+1 / q ~ E: by X± 1 / 2+1 / q e 5 
simply because H 0,a X± a for any a < 0. 

Proof of lemma 3. By duality, the estimate is equivalent to 

\\ u \\l\lI ~ ll«ll ff o,i/2-i/, +e ■ (18) 

By Sobolev embedding in t 

< 11^11^0,1/2+= ■ 



Interpolating this with 

gives 

where 



W u Wl?li = IM 



W U h«L'j < h\\H°,» 

- = - + ^, b = 6(1/2 + e) 
q oo 2 



for G [0, 1]. Thus 6 = | - | + e(l - |) < | - 1 + e, and hence (18) follows. This 
concludes the proof of the Lemma. □ 
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3.2. Bilinear estimates. We shall need the standard product estimate for the 
Sobolev spaces H s , which reads as follows: 

Lemma 4. Suppose oi, a-x, 03 S K. Then 

Wf9\\ H -a 3 < \\f\\ Hai \\g\\ Ha2 • (19) 

provided 

ai + a 2 + a 3 > 1/2, 

ai + a 2 > 0, a\ + a 3 > 0, a 2 + a 3 > 0. 

The following estimate is just the analogue of Lemma 4 for the wave-Sobolcv 
space H s ' b . 

Lemma 5. [14, 16]. Suppose 01,02,03 € K satisfy (20). Let a,j9, 7 > a«d 
a + /3 + 7 > I . TTiera 

lk«lljT-«»3,-7 £ IMIif"!." || 2 1| H a 2 ,0 ■ (21) 

The following comparison estimate between elliptic and hyperbolic weights proved 
in [16] will be needed in the proof of Lemma 7 below. This estimate is used to iden- 
tify null structure in bilinear estimates. 

Lemma 6. Denote 

r = M-|£|, e + = A + 7?, s_ = T-A-(e-r?). 

Then 

min(M,|£-77l)<max(|r|,|e + |,|£_|). 

We now prove the following null form estimates. We remark that the null struc- 
ture of DKG in Id is reflected in the difference of signs in the r.h.s. of the estimate 
(22), and the difference of signs in the r.h.s. and l.h.s. of the estimates (23) and 
(24) below; for equal signs the estimates would fail. 

Lemma 7. Let b = ^ + e for sufficiently small e > 0. The bilinear estimates 

\\wz\\ H -^,i,-i < |M| x . a ,i. \\z\\ x yb , (22) 
\\wz\\ x -s 3 ,b-i < \\w\\ Hsl . b \\z\\ x s 2 ,b , (23) 

z\\ x ^ b (24) 



Ix^ 53 ' 6 - 1 ~ W w \\H°i.>> \\*\\x 



hold provided 



8i + s 2 + S3 > e, 

s 2 + S3 > -1/2 + £, (25) 
si + s 2 > 0, si + s 3 > 0. 

Remark 2. The bilinear estimates (22)-(24) will still hold if we replace z in the 
l.h.s. of the inequalities in these estimates by z. We also note that these bilinear 
estimates will imply the corresponding estimates where the spaces are restricted in 
time (refer [8] for the detail). 

Proof of Lemma 7. We only prove (22) and (23), since (24) will follow from (23) 
by symmetry. We first prove (22). 
Set 

F + (X, V ) = { V }^(X + r 1 ) b \w(X,r ] )\, 
G_(\,r,) = (r,} s °(\-r)} b \z(\,r,)\. 
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Then (22) is equivalent to 
where 

J := 



J<\\F+\\l>\\G-\\ L > 



F + (\,r))G-(r- \,£-rj) dXdr] 



where T, + and S_ are defined as in Lemma 6. 

By symmetry, we may assume \r}\ < |£ — rj\. If max(|r| , |0 + | , |E_|) = |T|, then 
in view of Lemma 6 the estimate for J reduces to (21) with exponents (a 1; a 2 , 03) = 
(s 2 + l-b,s 3 , Sl ), (a,/?, 7 ) = (6,6,0). If max(|r| , |6 + | , |E_|) = |6+| or |E_|, then 
the estimate for J reduces to (21) with exponents (01,02,03) = (S2 +6, Ss,si), 
(a,/?, 7) = (0,6, 1-6) or (6, 0,1 -6). 

Then the conditions on (ai, 02, 03), (20), will be satisfied (for all the cases above) 
as long as (25) holds. 

Next, we prove (23). By duality, proving the estimate (23) is equivalent to 
proving 

\\wz\\ H - sl ,-„ < \\w\\ x s 2 , b \\z\\ x sj,i-b , (26) 
where w, z are C-valued functions. Define F + as before, and redefine G_ as 

G-(\ 7 r ] ) = ( V y3(\- V ) 1 - b \z(\, V )\. 
Then (26) is equivalent to 

L<\\F + \\ L2 \\G.\\ L2 

where 

F+(X, ? ? )G_ (r - A, £ - rj) dX drj 



L : = 



We use the same argument as in the estimate for J above. In view of Lemma 6 we 
can add 1 — 6 to the exponent of either the weight (77) or (£ — 77) , at the cost of 
giving up one of the hyperbolic weights (L), (0+) or (E_). Then we apply Lemma 
5. In fact, we can reduce the estimate for L to (21) with exponents (01,02,03) = 
(s 2 + 1 — b, S3, Si) or (s2, S3 + 1 — 6, si). Then the condition (20) is satisfied, since 
we assume (25). □ 

4. I-Method and Almost Conservation Law 
Let s < and N 1 be fixed. Define the Fourier multiplier operator 

J?(0=ff(0/(0, 9(0 = { N -\\\ \i>w, (2? ) 

with q even, smooth and monotone. 

Observe that on low frequencies {£ : |£| < N}, I is the identity operator. The 
operator I commutes with differential operators. We also have the following prop- 
erties: For a, 6 £ R, 

IWIU<II/IU, PHU,> < HU> , (28) 

ll/IU <\\If\\ L 2<N- s \\f\\ Hs , (29) 
\\f\\ Ha <\\l 2 f\\ H »- 2 ,<N- 2s \\f\\ Ha , (30) 
and if suppz(/j, ■) C {£ : |£| > AT}, we have 
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which in turn implies 

II^IIh..* <N s \\l 2 z\\ Ha _ a ,„. (31) 

Let (s, r) be such that — g < s < and — s < r < | + 2s. Then from the modified 
LWP theorem which we state in the next section, there exists a AT > depending 
on 

\\IU()\\ L 2 + 1 1 -T«0 Ilia + ||^ 2 0o|| ffr - 2s + \\l 2 (l>l\\ Hr -2s-i < 

such that (3), (4) has solution for times < t < AT. Of course, (3), (4) has solution 
for (s,r) in a larger region as in Theorem 2, but now we reprove the Theorem in 
the above restricted region with a different time of existence of solution. 
Now, we observe using the Fundamental Theorem of Calculus that 

\\Iu(AT)\\ 2 L2 + ||Jv(AT)||* a = \\Iu f L2 + \\Iv f L2 + i?x(AT) + Jfc(AT), 

where 

f AT d 

R 1 (AT)= I ^-(Iu(T),Iu(r))dT, 

R 2 (AT) = J —(Iv(r),Iv(r))dT, 
and (., .) denotes the scalar product in L 2 . By the first equation in (3), 



r AT d 



A'i' 



= 2 Re / {Iu{T),Iu(r))dT 
Jo 

= 2 Re / (I [-iMv + i<f/u - u x ) (r), Iu(r))dT 



r AT rAT 

2 Re / (-iMIv(r),Iu(T))dT + 2Re / (i/(0i;)(r), Iu(r))dT 

r AT 



2 Re / (-Iu x (t),Iu(t))(It. 
Jo 



'0 

But the third term is zero. Indeed 

fAT f AT 



2Re / {-Iu x {T),Iu(r))dT = -2Rc / Tu^(T)Iu(T)dxdT 
Jo Jo Jr 

(Iu(t)Iu(t)) x dxdT = 0. 



Hence 

j-AT i- pAT j. 

i?i(AT) = 2Rc/ -iMIv(r)Iu(T)dxdT + 2Re/ / iI{<jm){T)Iu{T)dxdT. 

Jo Jr Jo Jr 

Similarly, by the second equation in (3) 

rAT /. >AT r 

i? 2 (AT) = 2Rc/ -iM Iu{T)Iv{r)dxdT + 2Re/ U(<pu)(T)Iv(T)dxdT. 

Jo Jr Jo Jr 
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We therefore get 

R(AT) : = Ri{AT) + R 2 {AT) 



2 Re f [ -2MiRe(Iu(T)Iv(T))dxdT 
Jo Jr 

AT r /-AT 



+ 2 Re / / U((j)u){T)Iv(T)dxdT + 2 Re / / U{^v){T)Iu{T)dxdr 
Jo Jr Jo Jr 

/.AT p »AT [■ 

= 2 Re / / H((/m){T)Iv(T)dxdT + 2 Re / / U{4>v){r)Iu{T)dxdT. 
Jo Js. Jo Jr 

Now, observe that 

—iltplulv — il(j)lvlu = —2iI(j)Tle(IuIv). 

Using this identity and the fact that I<\> is real- valued (recall that the multiplier q 
is assumed to be even), wc obtain 

/•AT p pAT p 

2 Re / -U(/)(t)Iu(t)Iv(t) + -U<f>(T)Iv{T)Tu~{T)dxdT =0. 

Jo Jr Jo Jr 

We can therefore add this term to R(AT) for free. We remark that adding this 
term to R(AT) gives us a cancellation on the dangerous interaction in frequencies, 
and this makes it possible for proving some smoothing estimates. This in turn 
enables us to get the desired almost conservation law (see below for the details). 
We can now write 

R(AT) = 2Rc( [ i{I(cj)u)^ I^I u}(T)7vjTjdxdT 
Jo Jr 

AT 



2 Re / / i{I{(f)v) - I(j)Iv}(T)Iu(T)dxdT. 



Wc therefore conclude 

\\Iu{AT)\\ 2 L2 + \\Iv(AT)f L2 = \\Iu Q \\ 2 L2 + \\Iv f L2 + R(AT). (32) 

The quantity that could make ||7m(AT)||^ 2 + ||^ w (AT)|j£ 2 too large in the future 
is R(AT). The idea is then to use bilinear estimates to show that locally in time 
R(AT) is small. By Plancherel and Cauchy-Schwarz, we obtain 

\R(AT)\ < \\I(^u) - I4>Mxi--\s^) W Iv Wx°j»(s AT ) 



+ \\I{(f>v) - I<j>Iv\\ x o - b{SAT) \\Iu\\ x o b(s&T) 



(33) 

^+ '(Sat) ' 

for beR. 
We denote 

Qi(f,9) = i{fg)-if-ig- 

Lemma 8. (Smoothing estimate). Suppose 

- 1/3 < s < 0, -s < r < 1 + 2s. (34) 

Let b — | + e for sufficiently small e > depending on s,r. Then 

\\Qi(cb,u)\\ x ^ b{s&T) < CN- r + 2 *+ 2 ° ||/ 2 0||^_ 2s , b(SAT) \\Iu\\ xr(s&T) , (35) 
\\Qi(^v)\\ x ° + -> {Sat) < CN^+ 2 ^ \\l 2 4 Hr ^ b{SAT) \\Iv\\ x ^ {s&t) , (36) 

where C depends on s, r, e, but not N or AT . 
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In order to apply the /-method, we need a variant of Theorem 2, which we call 
a modified LWP Theorem for the /-modified equation 

( iD + {Iu) = MIu-I{<t>v), 

iD_ (Iv) = MIv -I{<fm), (37) 

k U{I 2 4>) = m 2 I 2 (f - 2I 2 (Re(uv)), 

which is obtained from (3) by applying /. The corresponding /-initial data obtained 
from (4) are 

J lu(0) = Iuq G L 2 , lv(0) = Ivq G T 2 , 
\ I 2 c/>{0) = I 2 <t> G H r ~ 2s , d t I 2 cf>{0) = I 2 fa G H r - 2s -\ 
Combining (32), (33), (35) and (36) we obtain, for s,r and £ as in Lemma 8 , 
||Jtt(AT)||^ + ||/t;(AT)||» a 

< ||/«o||i> + \\Ivofv (39) 
+ CN-*+»+*> \\l 2 4 Hr - 2 ^ T) \\Iu\\ x o Asat) \\Iv\\ x o jb{SAT) , 

where C depends on s, r and e, but not N or AT. 
In view of (29) and (30), we have 

\\Iu Q \\ L2 + \\Iv \\ L . 2 <AN~ S , 

II 9 II II 9 9 ( 40 ) 

||^ 2 0o||^- 2s + \\l 2 <f>i\\ Hr - 2a -i < BN- 2s , 
for some A, B > 0. Here, A depends on ||mo|| l2 + Ih'ollj^ whereas B depends on 

WMh- + \\</>i\\h>-i- 

We now state the modified LWP theorem which will be proved in the last section. 
Theorem 5. Suppose 

-l<s<0, -s<r<i + 2s, (41) 
u 2 

Let b = h + s for sufficiently small e > depending on s,r. Assume also that A 
and B in (40) are such that 

C{B + A 2 ){N~ 2s + N- r+2e ) <1. (42) 

Then there exists 

AT sa AK s ~ E ^ r_2s_2e ' (43) 
such that (3), (4) has a unique solution 

(u,v,</>) g x s + b (s AT ) x x-!:\s AT ) x n r - h {s AT ) 

on the time interval < t < AT. Moreover, 

W Iu Wx'f\s. T ) + W Iv \\x°j»(s± T ) < CAN ~ S ' ( 44 ) 
P^Wnr-^is^) ^ °( B + A 2 )N- 2s , (45) 
where C depends on s, r and e, but not N or AT. 

Combining (39), (44) and (45) we conclude the following almost conservation 
law. 
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Corollary 1. Let s,r, AT, e, A, B,u and v be as in Theorem 5. Then 

\\Iu(AT)f L2 + \\Iv(AT)\\ 2 L2 < \\Iuof L2 + \\Iv f L2 +C(B + A 2 )A 2 N- r - 2s + 2s . (46) 

As a consequence of this Corollary and (40), we obtain 

||/u(AT)|| 2 2 + ||/u(AT)||^ < A 2 N- 2s + C(B + A 2 )A 2 N- r - 2s+2e . (47) 

We also need to control the growth of I 2 <fi. To do so, we first split <j> into its 
homogeneous and inhomogeneous parts. Let <f> be solution of the homogenous 
Klein-Gordon Cauchy problem 

r(D-mV O) =0 

iy°)(o) = </> , a t (o) (o) = 0i. 

Then we write 

= (o) + $ 

where 

$ = (□ - to 2 ) _1 (-2(Re(m7))). (49) 

Here (□ — to 2 ) 1 F denotes the solution of (□ — to 2 ) w = F with vanishing initial 
data. 

The solution of the homogeneous Cauchy problem (48) in Fourier space is given 

by 

WHO = oos(m m )M0 + sm( fJf )m) MO- (50) 

Then by the energy estimate we have 

r 2 /A„ I, 

\H r ~ 2s ^ H J VI HiJT-2 



[t] . <C(||/ 2 o ||„_ 3 . + ||i a 1 |L P _ a ._ I ), (51) 



for some C > and for all t > 0. 

Now, consider the inhomogeneous part, (49). Since the multiplier q is assumed 
to be even, we obtain 

I 2 Rc(uv) = Rc(L 2 (uv)) = Re(I(Iu ■ Iv)) + Re(IQi(u,v)). 

Using this identity, we write 

7 2 $ = (□ - m 2 ) -1 (-2 Re(I(Iu ■ Iv))) + (□ - to 2 )" 1 (-2 Re(IQi(u, U))) . (52) 

We then prove the following: 

Lemma 9. Suppose 

-l/4<s<0, 0<r<l/2 + 2s. (53) 

Let 6 = i + £ /or sufficiently small e > depending on s, r, and AT fee as m 
Theorem 5. Then 

n 



CATN - r+2s+2s \\i^\\ Hr _ 2s ^ T) \\Iu\\ x o A8at) ||^|| x o, 6(Sat) 



||/ 2 $[AT]||^_ 2s < CAT(\\Iu Q r L2 + \\Ivo\\l a ) 
+ CATN- r+2s+2E \\l 2 (/)\\ h 
+ CN-W\\Iu\\ xr{SAT) \\Iv\\ x0 , b{SAT) , 

(54) 

where C depends on s, r, and e, but not N or AT. 
Then, by (40), (44), (45) and (54) we conclude 
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Corollary 2. Let A, B, AT be as in Theorem 5 and s, r, e be as in Lemma 9. 
Then 

\\l 2 <P[AT] \\ Hr _ 2s < CA 2 (atN~ 2s + (B + A 2 )ATN- r '- 2s+2e + jV"-i/a-2«+2 e \ . 

(55) 

By (40) and (51), we also have 



I 2 ^>[t] <CBN- 2s , (56) 



H r-2 



for some C > and for all t > 0. 



5. Proof of Theorem 4 

We first remark that by propagation of higher regularity (see Remark 1.4 in [15] 
for the detail on this argument), it suffices to prove Theorem 4 for r < 1/2 + 2s. 
We therefore fix s and r satisfying 

+ Vs 2 ~s <r <\+2s. (57) 



,< s <o, , 2 



Observe that this region is contained in the intersection of the regions in (34). (41) 
and (53), so the statements made in Theorem 5, Lemmas 8 and 9, Corollaries 1 
and 2, (47) and (55) hold true for s,r satisfying (57). 

Global wcll-poscdness of (3), (4) will follow if we show well-poscdness on [0, T] 
for arbitrary < T < oo. We have already shown in Theorem 5 that (3), (4) is 
well-posed on [0, AT], where the size of AT is given by (43). Now, we divide the 
interval [0, T] into subintervals of length AT. Let K be the number of subintervals, 
so 

K = ~ N (s+,)/(r-2s-2e)_ /ggx 

AT v ' 

To reach the given time T, we need to advance the solution from AT to 2AT etc. 
up to KAT, successively. 

We shall use induction argument to show well-posedness of (3), (4) up to time 
T. We denote the solution of (3), (4) on the n-th subinterval [(n - I) AT, nAT], 
where 1 < n < K, by (u n ,v n ,4> n )- Now, consider the DKG system 

iD+Un = Mu n — 4>nV n , 

iD_v n = Mv n - <f>„u n , (59) 

□</>„ = m 2 4> n - 2Re(u n v n ). 

The initial data for this system at t = (n — 1)AT is specified by the induction 
scheme 

f u n ((n - 1)AT) = Un-xdn - 1)AT) e H s , 
v n ((n - 1)AT) = « n _i((n - 1)AT) G H s , 
M(n - 1)AT) = n _i((n - 1)AT) e H r , (60) 
_ ^((n-l)AT) = ^_!((n-l)AT) 6 H r ~\ 
The corresponding /-system will be 

iD + (Iu n ) = MIu n - I{(f> n v n ), 

iD_(Iv n ) = MIv n - I(<j> n u n ), (61) 
□ (/ 2 0„) = m 2 I 2 4> n - 2L 2 (Re(u n v n )), 
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with the /-initial data at t = (n — 1)AT: 

( Iu n ((n ~ 1)AT) = 7u„_!((n - 1)AT) G L 2 , 
J« n ((n - 1)AT) = J« n _i((n - 1)AT) G L 2 , 
7 2 0„((n - 1)AT) = / 2 0„_i((ti - 1)AT) G H r - 2s , 
{ d t I 2 <fi n {{n - 1)AT) - a t / 2 n _!((n - 1)AT) G fT" 8 '- 1 . 



(62) 



Note that for n = 1, this /-initial value problem corresponds to (37), (38). 

In the following estimates and the rest of this section we shall use the notation 

SnAT = [(n - 1) AT, nAT] x R. 

Recall that (u n , v n , <fi n ) is a solution of DKG on the n-th subintcrval \{n— 1) AT, nAT] 
for given data at t = (n — 1)AT. Then in view of (39) we have 



||Ti„(nAT)|| 2 2 + ||Jv n (nAT)||* a 

< \\Iu n ((n - 1)AT)|| 2 2 + \\Iv n ((n - 1)AT)|| 2 : 



(63) 



CN 



-r+2s+2e 



'^n|| ffr _2.,6( SnAT ) \\ IUn Wx'l- b (S n AT) H^ n llx°' b (5„AT) 



On the other hand, splitting <fi n into its homogeneous and inhomogencous parts, 



:(0) 



$„, we have in view of (51) and (54) 



\l 2 <f> n [nAT}\\ Hr 



< CAT(\\Iu n ((n - 1)AT)|| 2 2 + \\Iv n ((n - 1)AT)|| 2 2 ) 



CN-V 2+2e \\Iu. 



Iff— ^'"(SnAr) H /U "llx°' i '(S„AT) 



\\IVr, 



and 



sup 

0<t<T 



(64) 



(65) 



Hr 2s <C\\l 2 M(n-l)AT]\\ Hr _ 2s . 

Our induction hypotheses will be 

\\Iu n ((n - 1)AT)|| L2 + \\Iv n ((n - 1)AT)|| L2 < A n N~ s , (66) 

\\l 2 (t> n [{n - l)AT]\\ H „_ 2s < B n N~ 2s , (67) 

for some 1 < n < K , where A n and B n are independent of N. Again, at the first 
induction step, n = 1, (66) and (67) hold by (40). Now, by Theorem 5 we know 
that (u n ,v n , <fi n ) solves (59), (60) on the n-th subinterval [(n — 1) AT, nAT], where 
the size of AT is given by (43), provided that the boot-strap condition 

C(B n + A 2 n ){N- 2e + N- r+2£ ) < 1 (68) 

is satisfied. Moreover, these solutions satisfy the bound 



\I u n\\x^ h {s nAT ) 
\I 2 



\Iv n \ 



< CA n N~ 



< C{B n + A 2 n )K 



-2.s 



(69) 
(70) 



iW-^^tS^T) 

So, if we can prove that A n and B n stay bounded for all 1 < n < K, then (68) will 
be satisfied for all 1 < n < K . choosing e small enough and N large enough (recall 
r > 0). We can therefore apply Theorem 5 K times, and hence prove well-poscdness 
on [0,T]. 
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By (69), (70) and the induction hypotheses (66) and (67), the estimates (63) and 
(64) imply 

|2 at— 2s i r<(T} i A 2\ A 2 M -r-2s+2e 



(71) 



||7u„(nAT)||^ + \\Iv n (nAT)\\ 2 L2 < A' n N^ s + C(B n + A z n )A z „N' 

\\l 2 ^ n [nAT]\\ Hr _ 2s < CA\ {lATN- 2s + (B n + A 2 n ) AT N~ r ~ 2s+2e + 7V _1 / 2_2s+2e 

(72) 

whereas (65) and (67) imply 



sup 

0<t<T 



< CB ri N~ 2s . 



(73) 



By (62) and (71) we obtain 

||/u n+ i(nAT)||^ + \\Iv n+1 {nAT)f L2 = \\Iu n (nAT)f L2 + \\Iv n (nAT)f L2 

< A 2 n N- 2s + C(B n + A 2 n )A 2 n N- r - 2s+2e . 

We therefore have 

A 2 l+1 < A\ + C(B n + A 2 n )A 2 n N-^. 
On the other hand, by (62), (72) and (73) we get 
\\l 2 <j) n+1 [nAT}\\ Hr _ 2s = \\l 2 n [nAT}\\ Hr _ 2s 



(74) 



< 



I 2 ^[nAT] 



\l 2 $ n [nAT}\\ Hr 



< CB n N~ 2s + CA 2 n (ATN- 2s + (B n + A 2 n )ATN- r -' 2s+2e + N-^ 2 ' 2s+2£ ^j 



Therefore, 

B n+1 < CB n + CAlAT + C(B n + A 2 n )A 2 n ATN-' r+2e + CA 2 n N- x l 2+2e . (75) 

However, the presence of a constant C in front of B n in the first term of the r.h.s. of 
this inequality is bad, since then B n will grow exponentially in n; after n induction 
steps, B n w C". To fix this problem, we follow [15] to write 4>n^ as a cascade of 
free waves: 

for n > 1, where 



f (□ - m 2 ) ® 2 = 

55 1 ( n AT) = *„(nAT) 1 
ld t $i 1 (nAT) = d t <S> n (nAT). 



(76) 



Now, by energy inequality and (72) we have 
^i+iMf 2s < CA 2 n [ATN~ 2s + (B n + A 2 n )ATN- r ' 2s+2e + N ^/^+^ , 



in the entire time interval < t < T. 

We now replace the induction hypothesis (67) by the stronger condition 



sup 

0<t<T 



< B n N 



-2.s 



(77) 



(78) 



Since 



k(°) - J.0) , 1(0) 



J n+1 — Vn 



i, we have 



< 



Hr -2s 



H t-2s 



+ 



H r-2 S 
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for all < t < T. Then using (78) and (77), we conclude 

B n+1 < B n + CA 2 n AT + C(B n + A 2 n )A 2 n ATN~ r+2e + CA 2 n N- 1/2+2e . (79) 

This estimate will be a replacement for the "bad" estimate (75). 

Now, we claim that if e > is chosen small enough, and then TV large enough, 
depending on e, then for 1 < n < K, 

A n <p = 2A U B n <a = 2B 1 + ACTA 2 . (80) 

We proceed by induction. Assume that (80) holds for 1 < n < k, for some k < K, 
Then (68) reduces to 

C(a + p 2 ){N- 2s + N- r+2s ) < 1, (81) 

for n < k. Since r > 0, we can choose e very small and TV very large to ensure 
that (81) is satisfied. So by (74) and (79), and the assumption that (80) holds for 
n < k, we get (for n < k) 

A 2 n+1 < A\ + nCap 2 N- r + 2 " 

B n+ i <B l +n \Cp 2 AT + Cap 2 ATN~ r+2e + Cp 2 N~ 1/2+2E . 

Furthermore, (80) will be satisfied for A^ and Bk provided that 
(k - l)Cap 2 N' r+2e < 3A 2 

(k - 1) (Cp 2 AT + Cap 2 ATN- r+2e + Cp 2 N- 1/2+2e ^j < B 1 + ACTA 2 . 

Now, since k <K = T/ (AT) < CN^- s+E ^^- 2s - 2e \ by (43), it suffices to have 

Cap 2 N(- s + E V( r - 2s - 2 ^- r+2s < 3A 2 , (82) 
CT<rp 2 N- r+2e < Si/2, (83) 

Cp 2 N (- S +e)/(r-2s-2e)-l/2+2e < ( g 4) 

CTp 2 < ACTA\. (85) 

Here, to get the l.h.s. of (85) we used the fact that (fc - 1)AT < A'AT = T; In 
fact, (85) holds with equality, since p = 2A. Since r > 0, (83) will be satisfied by 
choosing first e small enough and then TV sufficiently large. To satisfy (82) and 
(84), it suffices to have 

~f + £ „ -r + 2e<0, ~^ + £ „ -l/2 + 2e<0. (86) 

The first condition is equivalent to r 2 — 2sr + s > e(4(r — s) + 1 — 4s). Choosing 
e > very small, this reduces to r 2 — 2sr + s > 0, i.e., r > s + \/s 2 — s, which holds 
by assumption (57). The second condition in (86) is weaker than the first condition 
since by assumption (57), r < 1/2 + 2s and s < 0. 

Thus, (80) holds for n = 1, ■ ■ •, K, and hence the proof is complete. 

6. Proof of Lemma 8 
Taking the Fourier transform in space, we get 

[Qi(f, gT(0 = J W) - q(v)i(Z - ri)]f(riM - n)*n- ( 87 ) 

Recall that the symbol g(£) = 1 for \C,\ < TV. 
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We now write u = u\ + Uh, v = vi + Vh, <f> = 4>i + 4>h with ui, v\, 4>i supported on 
{£ : |£| <C iV"} and Uh, vt, 4>h supported on {£ : |£| > N}. Since we are considering 
(weighted) L 2 norms, we can replace u, v and <f> by \u\, \v\ and \<j>\. Assume therefore 
that u,v,4> > 0. 

We only prove (35) since the proof for (36) is quite similar. The only difference 
is that to prove (35), we use the product estimate (23), but to prove (36), we use 
(24). We prove (35) for all possible interactions. As a matter of convenience we 
skip the time restriction in this section. 

6.1. Low/low interaction. Recalling (87), we have 

[Qi(^l,UiT(0 = ( [q(0 - q(v)q(£ - v)}Mv)MZ - v)dV- 



But since \r)\ , |£ — r]\ <C N, which in turn implies |£| < N, the expression inside the 
square bracket in the above integral vanishes. 

6.2. Low/high interaction. Then 

[Qi{4>i,u h )T{0 = I [<?(£) - - rf)\h{rf)u h ^ - v)dri, 



because q(rj) = 1 on the support of 0/. By the mean value theorem, 

\q(0-q(Z-v)\<W(0\\v\, 

where £ lies between £ and £ — r\. 

Now, assume |£ — 77 1 3> N. Then |?7| <C |£ — rf\, and this implies 

iei«ie-»/Mci. 

Hence 

tf(0\=N-'\s\C\'- 1 \nN-'\s\Z-ri\'- 1 
Next, assume |£ - 77 1 « N. If |C| < N, then q'(() = 0. If |<| > 2N, then 

w(o\=N-'\s\cr l \<N-'\€-rir l - 

Finally, assume N < |£| < 2N. In this case, we define g(£) = x(£/-/V) where \ is a 
smooth, even and monotone function defined by 



Then 



1 if < cr < 1, 
a s if a > 2. 



We therefore conclude 

[9(6 - e(C - ^7)1 < iv- s |e - 771 s " 1 hi ■ 

Interpolating this with the trivial estimate 

|«(0-?(e-r?)|<iV- s |e-r7r 

we get 

\q(0 9(£ - V)\ < N~* \Z - 77| s |£- 77|" e |7 7 | 8 , 

for 6 G [0,1]. 
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Then 

|[Q/foi,u/0noi< J\v\ 9 fo(ji)\Z-v\~ e n-'\t-v\'MZ-v)dv (gg) 

< [D% ■ D~ e lu h r(0. 
Now, choosing 9 = r — 2s and applying the product estimate (23), we get 



x 

< || J D'"- 2 Vi|| ff o, 6 \\D- r+2s Iu h \\ x2+s , b 
< jV _ r+2s+2e|| ^ || ^_ 2 ^ ||7uh|| ^^ 

6.3. High/low interaction. A calculation similar to the preceding low/high in- 
teraction estimate gives 

i[Qj(^,«or(£)i ^ [D- e i4> h ■ D e u t r (o- 

Take = 0. Applying the product estimate (23) and (31), we get 

||<2/(</>/i,Wi)llx°'- b ~ ll^h ' u l\\ X °.- b 

< ||-/"0/l||#2 e ,l> ||tij|| x 0,H 

<JV-H-*+ae||/^|| Hr _. it || Ul || x „ it) 

< N~ r+2s+2s ||J%|| ffr _ a ., J|«i||^ • 

6.4. High/high interaction. Here, we do not take advantage of any cancellation. 
We instead use the triangle inequality to get 

\\Ql(4 > h,Uh)\\ x o,-b < \\I(<PhUh)\\ x o,-t> + \\I(ph ■ IUh\\ x o_,-b . 

By (28), the product estimate (23), and (31), we get 

\\I{(t>hUh)\\ x o,-b < \\(f>hUh\\ x o,-b 

< \\4>h\\ H - !1 + 2e,b \\Uh\\ x :b 

= \\<f> h \\ H r- r -.+ a ., b N S N~ S \\u h \\ x s, b 



+ 

— AT~ r+s+2e 



< N- r - 8+2e UhWur-^t N s \\Iu h \\ x „, b 



N~ r+S+Zs 117^11^-.,. ||/ufc|| x o, s , 

< N- r+2s+2 c \\l 2 cf> h \\ Hr _ 2s , b \\Iu h \\ xr 

and 

\\I<f>h ■ Iuh\\ x o,-b < \\I<f>h\\ H 2m,b \\Iu>h\\ x o,b 

< N~ r+s+2e \\I<t> h \\ Hr -„ b \\Iu h 



+ 

< j^-r+a.+ae II j2 II \\ Iu h \ 



+ 
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7. Proof of Lemma 9 



First, we estimate the first term in the right hand side of (52). By energy 
inequality, (28), Lemma 4 and (39) we get (recall that r < 1/2 + 2s) 



(□-m 2 ) 1 2Rc(I(Iu- Iv))[AT] 



H r-2s 



< c 



AT 



AT 



\Re(I(Iu(t) ■Pu{t)))\\ Hr - aa - 1 dt 



< C \ \\Iu(t)-Iv(t)\\ H r-2 S -ldt 

Jo 

f AT 

<C I \\Iu{t)\\ L2 \\Iv(t)\\ L2 dt 



(89) 



< C 



AT 



\\Iu(t)f L2 + \\Iv(t)f L2 dt 



<CAT[\\Iu \\l 2 + \\Iv \\l 
+ CATN-r+^ p^\\ Hr _ 2s b{s&T} \\Iu\\ K , b{SAT) \\Iv\\ x , b{s&T) . 

Now, we estimate the second term in the right hand side of (52) . We claim that 

.2\-i 



(□-m 2 ) 2Rc(IQ I (u,v))[AT] 



KCN- 1 "*** \\Iu\\ x o^ 3at) \\Iv\\ x0j , [Sat) 



(90) 



Assume for the moment that this claim is true. Then a combination of the estimates 
(52), (89) and (90) proves the Lemma. 

It remains to prove the claim, (90). By (16), Lemma 2 and (28) 



(□ - m 2 ) 1 Re(IQi(u,v))[AT] 



< C 



H r-2s 



\U-wf) Re(/Qj(w,v)) 

< C\\IQi(u,v)\\ H r- 2 ,--L, b -i {s ^ T) 

< C\\Qz(u,v)\\ Hr ^.- lib . 1{SAT) . 

Then to estimate \\Qi(u,v)\\ Hr - 2 a-i,b-i(g AT \ we follow a similar argument as in the 
preceding subsection. As a matter of convenience we skip the time restriction in 
the rest of the section. The contribution from the low/low frequency interaction, 
Qi(ui,vi), vanishes by the same argument as in the low/low frequency case in the 
preceding section. For the low/high frequency case we use (88) with 9 = (the 
high/low frequency case is similar) to get 



Then by (22), 



\{Qi(u h vKT(o\<\iui-mrm 



IK ' IVh\\ H r- 2 s-l.b-l < ||U/|| X 0,6 \\IVh\\ Y -l/2 + 2e,b 



< N- 1 '™* \\ Ul \\ x o, b \\Iv h \\ x o, 
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To estimate the contribution from high/high interaction, we first use the triangle 
inequality to get 

\\Ql(Uh,Vh)\\ H r-2s-l,b-l < \\I(uhVh)\\ H r-2s-l,b-l + \\Iu h ■ IVh\\ H r-2s-l,b-l ■ 

Then applying (22), we obtain 

H r-2s-l,b-l \\UhVh\\ H r-2e-l,b-l 

< ||u/l|| x -l/4,6 ||w/i|| x -l/4+2 e ,i, 

< N- 1 ^ \\u h \\ x s,b 7V-l/4- S +2e H^ll^ 

< N -l/2+2e \\ Iuh \\ x ^ b \\Iv h \\ x o. b , 

and 

\\IUh ■ IVh\\ H r-2s-l,b-l < \\Iu h \\ x -l/4,b \\IVh\\ x -l/4+2e,b 

<JV- 1/3+2e ||/Ufc||;^,» \\IV h \\ X 0,b. 

8. proof of Theorem 5 
Assume < AT < 1. Define 

\\ Iw \\x°.»(Sat) = W Iu Wx / (Sat) + !I /i 'Hx»- 6 (Sat) ' 
\\Iw \\ L 2 = ||/uo|| L 2 + \\ Iv o\\ L 2 ■ 

Applying Lemma 1 to the first two equations and Lemma 2 to the third equation 
of the /-system (37), we get 

W Iu \\x'i- b (s± T ) <c{\\Iu Q \\ L2 + ||/(^)|| x o,6-i (gAT) }, 
W Iv \\x°'»(s AT ) < c{ll^o|| L 2 + ||/(<M)|| x o, b - 1(SAT) } , 
P 2 4nr-^(S. T ) ^ c{\\l 2 m\\ H r- 2s + \\l 2 (uv)\\ Hr . 2a _ 1:b _ HSAT) }. 
Now, we claim the following: 

\\I(M\\x°j b -\SAT) - CTl ll /2< ^L-^(s Ar ) W Iu Wx°+ b {s AT ) > ( 91 ) 
\\I(^)\\ x o + ,- 1{Sat) < CT, \\l 2 4 Hr ^ b{s&T) \\Iv\\ x o,b (SAT) , (92) 

ll /2 ( uT7 )L-2 S -i,i>-i ( s AT ) ^ CT * W Iu \\xl-\s AT ) W Iv Wx^ b (s AT ) > ( 93 ) 

where 

ri = T^N, AT) : = (AT) 2r - is ~ i£ + N~ r+2s+2e , 
T 2 = T 2 {N, AT) : = (AT) 1 " 4 " + N~ 1/2+2e . 
Assume for the moment that the claim is true. Then 

IIHIxo, 6(Sat) < C \\Iw \\ L , + CT 1 \\l 2 4 Hr _ 2s , b{SAT) \\Iw\\ x0 ,b (SAT) , (94) 
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Using (95), the estimate (94) reduces to 

\\ Iw \\x»."(s^t) - C \\ Iw o\\& +CT\ \\l 2 (j)[0}\\ Hr _ 2s \\Iw\\ x0 , b{s&T} +CT 1 r 2 |j/w||^ , b(SAT) 

< CAN-* + CBN- 2s T x \\Iw\\ x0 , HSat) + CT^a ||/Hlx°.»(s AT ) ■ 

(96) 

So if 

CBN- 2s Ti{2CAN~ s ) + CT 1 T 2 (2CAN- S ) 3 < CAN^ 8 , (97) 

then it follows by a boot-strap argument (see the Remark below for the detail on 
this argument) that 

\\Iw\\ x0 , b(s&T) < 2CAN-*. (98) 

Now, if we choose 

ATsiiV^/^ 28 -^, (99) 
the boot-strap condition (97) reduces to (modifying C) 

C{B + A 2 ) (N- 2£ + N- r+2e ) < 1. (100) 
On the other hand, by (95) we get (modifying C) 

\\l 2 4 nr -2 s , b{s&T) < CBN- 2s +4CA 2 N~ 2s (N(s-e)(l-4e)/(r-2s-2e) + 

The second term in the r.h.s. of this inequality can be bounded by C(B + A 2 )N~ 2s 
since the quantity in the bracket is very small. So, we obtain 

P 2 4m-^( S&T} ^ 2C ( B + A 2 )N~ 2s . (101) 

Remark 3. The above estimates imply LWP of (3), (4) with time of existence up to 
AT > given by (99) provided that the condition (100) is satisfied. The boot-strap 
argument mentioned above can be shown using the standard iteration argument: 
Set vS~ x ' = v = 0, and define for n > —1 inductively 

iD+(Iu {n+1) ) = MIu (n) - 7(0 ( "V™)), 

iD_(/</™ +1 )) = MIvW - /(<£ (n) tt (n) ), (102) 
7u (n+1) (0) = Iu Q G L 2 , lv (n+1) {0) = Iv G L 2 , 
where 

= mV (n) - 2Re(«< n 'jJ (n) ), 

with the same data as for (f>. 

Then, defining y n = \\Iw n \\ x a, b for n > 0, (96) becomes 

y n+1 < CAN- S + CBN- 2s T lVn + CT^y*. 

By (12) and (40), y < 2CAN- g . Now, if (100) holds, we conclude by induction 
that y n < 2CAN~ S for all n > 0. On the other hand, we know from [16] that 
(uW,t)W) -> (u, v) G X+ b x X s _: b asn^oo, which implies Iw™ -> /to £ as 
n — > co, and hence (98) follows. 

It remain to prove the claim; i.e., (91)-(93). The estimates (91) and (92) are 
symmetrical. Hence we only prove (91) and (93). As in Section 6, we decompose 
u, v, 4> into low and high frequencies, and prove the bilinear estimates for all possible 
interactions. 
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8.1. Proof of (91). Wc recall that s > -1/6, -s<r<l/2 + 2s, 6=l/2 + e, and 
the operator / is the identity for low frequencies. Note also that low-low interaction 
yields low frequency output. Then for the low/low interaction, we have by (28) and 
the product estimate (23) 

ll / (^ u i)llx°- i '- 1 (s AT ) ^ c 'll^ w illx°- b - 1 (s AT ) 

< C \\4>i\\ H 2c, b{SAT) \\ui\\x + - b (s AT ) ■ 

On the other hand, by (28), Lemma 3, Holder in t, (19) and (16), we have 

||I(^iiOllx°- 6 - 1 (S AT ) ^ CHiuiWx'^-'is^T) 
<C||^«,|| i 

L I (Sat) 

<C(AT) 1 - 2£ ||0/u i || L?OL , (SAT) (104) 

< C(AT) 1 -^ ||^|l Lrff y 2+E(SAr) lhll iri| (s Ar) 

< C(AT) 1 - 2 - ||^|| h x /2+£ , 6(Sat) IMIx« (S at) ■ 

Then interpolation between (103) and (104), for < 9 < 1, gives 

II / (^ u 0IIx^ !, - i (s A t) 

< C(Ar) (1_2e)8 \\(j>l\\ H2 e(l-e) + (l/2 + e)e,h( S AT) 1 1 ' I X^ 6 (S A T ) ' 

We take = 2r \ As ^l ie (by the hypothesis made on s,r, we then have 9 G [0, 1]). 
This implies 2e(l-0)+(l/2+e)0 = r-2s and (1-2e)0 = 2r-4s-4e. Consequently, 

||7(^u ; )|| x o, 6 - I(SAr) < C(AT) 2r -^ Hi\\ H r-2», H s AT) hi\\x^\s AT ) ■ ( 105 ) 

The contribution from low/high can be estimated using (28) and the product 
estimate (23) as 

ll^(<?W)llx°< b - 1 (S A T) - C W ( t ) l U h\\x'!: b - 1 (S &T ) 

< C\\(j}l\\ Hr -2s, b{S&T) \\u h \\ x 2s- r +2c, b{s&T) 

= C \\U H r-2, , HSat) N S N~ S ||«/,|| X . + .-r +a ..» (SA!r) (106) 

< CN- r +^ \\M H r-^ {S&T) \\Iu h \\ x o AsAT) . 

The contribution from high/low can be estimated using (28), the product estimate 
(23), and (31) as 

ll / (^ u /)llx^ 6 - 1 (S AT ) - C W < t ) hUl\\x^ b -\S AT ) 

< CH^H^e,!,^) \\ U l\\x° + b (S &T ) 

< CN-^-^ U h \\ Hr ^ +s , b{SAT) \\ut\\ xr(SAT) (107) 

= CN-T+^ \\m H r-„ b{SAT) \\UI\\ X ASAT) 

l) h\\ Hr -2s, b(SAT) \\ u i\\xI"(Sat) ■ 



< CN- r+2s+2E II/ 2 , 



DKG IN ONE SPACE DIMENSION 25 

Similarly, we estimate the high/high interaction using (28), the product estimate 
(23), and (31) as 

\\I{(l>hU h )\\ x o_,<,-i {SAT) < C \\<t) h Ui\\ x o,b-i( S&T) 

< C Uh\\ H - s +2,, b (SAT) IKIIx-^CSAr) 

= C \\<t> h \\ Hr - 3 -r + 2 S , b(s&T) N S N- S \\u h \\ x ^g AT) (108) 

< CN- r +°^ \\I<f> h \\ m -^ T) ||/u h || x o,* (SAT) 

< CN -r + 2s + 2e ||/^ |U-^(S AT ) \ \ Iu h | | ^ ^ . 

Therefore, (91) follows from the estimates (105)-(108). 

8.2. Proof of (93). We recall that s > -1/6, -s < r < 1/2 + 2s and b = 1/2 + e. 
Noting that / is the identity for low frequencies, we have by (28), Lemma 5 and 
(17) 

\\l 2 (UlVl) \\ H r-2s-l, b -l (SAT) < C|hW|| H r-2,-l,-V2 +e(SAT) 

< C\\ui\\ x o + ,. (Sat) |Ml x _' e (s AT ) 

< CiAT) 1 - 45 \\ui\\ x o,i/2- S(Sat) \\vi\\ x o,v*-. {Sat) 

< c(at) 1_4e ||^|lx°' 6 (s AT ) II^IIx^osat) • 



(109) 

The contribution from low/high interaction is estimated using (28) and the product 
estimate (22) as 

|| /2 (^)|| ff r-2 3 -l,b-l (5AT) < C||u ; ^|| H - 1/2 , b - 1(SAT) 

< C \\UI\\ X ^ {SAT) + „ (Sat) 

= C \\ui\\ x ^ (Sat) ||wh|| XI i/2- a+ 2 E+s , b(SAr) ( 110 ) 

< C \\M X °S ( s AT ) N-^ 2 -^ \\v h \l x ^ {Sat) 
= CN- 1 ' 2 ^ || U; || x o, 6(Sat) \\Iv h \\ xl ^ T) . 

By symmetry 

\\l\u h vf)\\ Hr -. a -,, b -^ T) < CN- 1 ^ \\Iu h \\ xr(SAT) \\vi\\ x o, b{SAT) . (Ill) 

Finally, for the high/high interaction we obtain using (28) and the product estimate 
(22) ' 

||^ 2 (M/iWh)|| ffr _ 2s _ l i) „ 1(SAr) < C \\uhVh\\ H -i/2,b-i(s& T ) 

< C||u h || x -i/4+ 2e .6 (gAr) hh\\xz 1 ^- b ( S&T ) 



''it 



AT ) 



= CN- 1 '^ \\Iu h \\ xr(SAT) \\Iv h \\ x o, b{SAT) . 

(112) 

We therefore conclude that (93) follows from the estimates (109)-(112). 
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